A semigroup whose bi-ideals and quasi-ideals coincide is called a Ꮾᏽ-semigroup. The full transformation semigroup on a set X and the semigroup of all linear transformations of a vector space V over a field F into itself are denoted, respectively, by T(X) and L F (V ). It is known that every regular semigroup is a Ꮾᏽ-semigroup. Then both T(X) and L F (V ) are Ꮾᏽ-semigroups. In 1966, Magill introduced and studied the subsemigroup 
Introduction
The cardinality of a set A is denoted by |A|. The image of a map α at x in the domain of α will be written by xα.
An element a of a semigroup S is said to be regular if a = aba for some b ∈ S, and S is called a regular semigroup if every element of S is regular. The set of all regular elements of S is denoted by Reg(S).
The full transformation semigroup on a nonempty set X is denoted by T(X), that is, T(X) is the semigroup of all mappings α : X → X under composition. The semigroup T(X) is known to be regular [4, page 4] . Magill [9] introduced and studied the subsemigroup
2 On transformation semigroups which are Ꮾᏽ-semigroups For a vector space V over a field F, let L F (V ) be the semigroup of all linear transformations α : V → V under composition. It is known that L F (V ) is a regular semigroup [5, page 63] . For a subspace W of V , we define the subsemigroup L F (V ,W) of L F (V ) analogously, that is,
(1.2)
Clearly, 1 V ∈ L F (V ,W) and 0, the zero map on V , also belongs to L F (V ,W). In addition,
A subsemigroup Q of a semigroup S is called a quasi-ideal of S if SQ ∩ QS ⊆ Q, and a bi-ideal of S is a subsemigroup B of S such that BSB ⊆ B. The notions of quasi-ideal and bi-ideal for semigroups were introduced by Steinfeld [11] and Good and Hughes [3] , respectively. Both quasi-ideals and bi-ideals are generalizations of one-sided ideals, and bi-ideals also generalize quasi-ideals. For a nonempty subset A of S, let (A) q and (A) b be the quasi-ideal and the bi-ideal of S generated by A, respectively, that is, (A) q [(A) b ] is the intersection of all quasi-ideals (bi-ideals) of S containing A [12, pages 10, 12] . Observe
Kapp [6] used Ꮾᏽ to denote the class of all semigroups whose bi-ideals and quasiideals coincide and Mielke [10] called a semigroup in Ꮾᏽ a Ꮾᏽ-semigroup. Important Ꮾᏽ-semigroups are the following ones. Proposition 1.2 [8] . Every regular semigroup is a Ꮾᏽ-semigroup. Proposition 1.3 [6] . Every left (right) simple semigroup or every left (right) 0-simple semigroup is a Ꮾᏽ-semigroup.
Recall that a semigroup S is left (right) simple if S has no proper left (right) ideal, and a semigroup S with 0 is called left (right) 0-simple if S 2 = {0} and S has no proper nonzero left (right) ideal. Kemprasit showed in [7] that if X is an infinite set, then the subsemigroup {α ∈ T(X) | X ranα is infinite} of T(X) is a Ꮾᏽ-semigroup but it is neither regular nor left (right) simple. In fact, Ꮾᏽ-semigroups have been characterized by Calais [1] as follows. Proposition 1.4 [1] . A semigroup S is a Ꮾᏽ-semigroup if and only if (x, y) b = (x, y) q for all x, y ∈ S.
Every bi-ideal of a regular semigroup is a Ꮾᏽ-semigroup. The proof is rather simple and is as follows: let T be a bi-ideal of a regular semigroup S and B a bi-ideal of T. Then TST ⊆ T and BTB ⊆ B. Let x ∈ TB ∩ BT. Since S is regular, x = xsx for some s ∈ S which implies that 
In Section 2, we give a necessary and sufficient condition for T(X,Y ) to be a Ꮾᏽ-semigroup in terms of |X| and |Y |. In Section 3, a necessary and sufficient condition for L F (V ,W) to be a Ꮾᏽ-semigroup is given in terms of |F|, dim F V , and dim F W.
In the remainder, let X be a nonempty set, ∅ = Y ⊆ X, V a vector space over a field F, and W a subspace of V . (
The semigroup T(X,Y )
(
ii) The semigroup T(X,Y ) is regular if and only if either
Let a be a fixed element in Y and define β : X → X by a bracket notation as follows:
Hence β ∈ T(X,Y ) and α = αβα.
(ii) Suppose that Y X and |Y | > 1. Let a and b be two distinct elements of Y . Define
It is well known that P(X Y ) is regular [4, page 4] . Hence T(X,Y ) is a regular semigroup, as required.
To characterize when T(X,Y ) is a Ꮾᏽ-semigroup, Propositions 1.1, 1.2, 1.4, and 2.1 and the following three lemmas are needed.
by Proposition 1.1(ii). Hence we have (A) b = (A) q , as desired.
Proof. We first show that S 1 A ∩ BS 1 and
It follows that
from the assumption and Lemma 2.2,
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Proof. For convenience, let X a denote the constant map whose domain and range are X and {a}, respectively. Assume that X = {a, b,c} and Y = {a, b}. Clearly, 
(2.9) 
, T(X,Y ) is a Ꮾᏽ-semigroup.
Hence the theorem is completely proved.
Two direct consequences of Propositions 1.2, 2.1(ii), Theorem 2.5, and the proof of Lemma 2.4 are as follows. 
Remark 2.8. We have mentioned that T(X,Y ) is a left ideal of T(X). But for α ∈ T(X,Y )
and (
W) is regular if and only if either
Proof. 
we have α = αβα, so α is a regular element of L F (V ,W).
(ii) Assume that {0} = W V . Let B 1 be a basis of W and B a basis of V containing
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), the converse holds.
To prove the main theorem, the following lemma is also needed. Lemma 2.3 and Proposition 3.1(i) are useful to obtain this result.
Proof. Let {w} be a basis of W and {w, u} a basis of V . Since F = Z 2 , it follows that W = {0, w} and V = {0, w,u,u + w}. Clearly, both {u, u + w} and {w, u + w} are also bases of V . Thus
defined on the basis {w, u} of V can be given as follows:
w w+ u .
0 w ]. Note that λ 2 = 0. To prove the lemma, by Lemma 2.3, it suffices to show that (λ) b = (λ) q . By direct multiplication, we have 
